A single-carrier multiple-input multiple-output (MIMO) system with frequency-selective channels suffers from the inter-symbol interference (ISI) and the co-channel interference (CCI). To eliminate both type of interference, we propose in this letter a hybrid two-stage decisionfeedback equalizer (HTS-DFE), which performs the frequency-domain equalization (FDE) in the first stage and the layered serial interferencecancellation (SIC) in the second stage. Since the decision-feedback (DF) or noise-prediction (NP) architecture can be employed in FDE or SIC, the proposed equalizer actually can have four variations that achieve the same mean square error (MSE) under the assumption of perfect feedback. Further, we combine HTS-DFE with the decoded decision-feedback (DDF) scheme to mitigate the error-propagation encountered in the practice. Simulation results confirm that the proposed HTS-DFE can outperform the existing equalizers significantly.
Introduction
Single-carrier frequency-domain equalization (SC-FDE) has received much attention for its pragmatic advantages, such as low peak-to-average ratio (PAR) and insensitivity to the carrier frequency offset (CFO). Multiple-input multipleoutput (MIMO) is another attractive technique which can provide extremely high capacity for wireless communications. At the receiver side, decision-feedback (DF) may be the most important detection architecture for MIMO or SC-FDE due to the best tradeoff between the performance and the computational complexity. Frequency-domain decisionfeedback equalization (FD-DFE) was proposed in [1] for the single-input single-output (SISO) SC-FDE system, and extended to MIMO in [2] . The well-known V-BLAST was presented in [3] for the flat-fading channels. Besides, noiseprediction (NP) is a simple variant of DF which can realize all functions of DF, having some additional advantages. In [4] , frequency-domain equalization with timedomain noise-prediction (FDE-NP) was proposed, so that the decoded decision-feedback (DDF) scheme can be employed to mitigate the impact of error-propagation. The NP detector for V-BLAST was presented in [5] out the optimal detection order. In the following context, unless discuss the NP specifically, we refer to NP as DFE. The single-carrier MIMO system over frequencyselective channels suffers from the detriment of intersymbol interference (ISI) and co-channel interference (CCI). Accordingly, the equalizer shall be capable of reducing more interferences for better performance. Although the FD-DFE has considered both ISI and CCI, it leaves many interferences yet between layers, leading to performance deterioration. In this paper, we propose a hybrid two-stage equalizer for single-carrier MIMO systems, which employs FD-DFE in the first stage to preliminarily equalize the received signals, and DF-SIC in the second stage to further reduce the residue interferences. Considering the equivalence of DF and NP, we can extend the HTS-DFE into four forms. In addition, to mitigate the error-propagation in HTS-DFE, we then investigate the combination of HTS-DFE and the DDF scheme. It is worthy mentioning that FDE-NP-SIC proposed in [4] can not utilize the DDF scheme because it performs FDE and SIC simultaneously. For this reason, HTS-DFE can outperform FDE-NP-SIC significantly with the help of DDF in the practice. Finally, we present simulation results to demonstrate the efficacy of our proposed method.
System Model and FD-DFE Analysis
Consider a single-carrier MIMO system with n T transmit antennas and n R receive antennas. Single-carrier with unique word (UW) mode is preferred because the symbols in UW section can provide correct initialization for FD-DFE. We assume there are N s payload symbols and N u UW symbols in each frame. Thus, the total number of symbols per frame is N = N s + N u . The received signals at the time sample n is expressed as
where H m denotes an n R -by-n T MIMO channels with memory length of L. We assume the transmitting power is σ 
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H n e − j2πnl/N denotes the channel frequency responses (CFR) with respect to the lth frequency tone. Under the assumption of perfect feedback, FD-DFE can be expressed as
where B indicates the memory of the feedback equalizer (FBE). Defining f 0 = I n T and ρ = σ 2 v /σ 2 a , the feedforward equalizer (FFE) coefficients can be obtained bỹ
and the FBE coefficients is given by
. . .
where
for k = 0, 1, . . . , B. It has been shown in [2] that the coefficients of FFE and FBE are optimal in the minimum mean square error (MMSE) sense. In [2] , the performance analysis was left unfinished. We go deeper into the study and show the deficiency of the straightforwardly using FD-DFE for MIMO systems. From (3) and (4), the equalized signals can be expressed as
We define the combined time-domain responses involving both channels and FFE as
Considering (5) and (6), we can conduct the coefficient C n satisfies
Taken (9) into (7), z n can then be expressed as
Defining Ξ = B i=0 f * i q * i , (10) can be rewritten as
where u n represents the colored noise (the second item in (10)) and the residual ISI (the third item in (10)). We note from (11) that the renewed system model is equivalent to the general form of the MIMO system over flat-fading channels.
The resulting MSE of FD-DFE is defined as
We focus on the covariance matrix E[(z n − a n )(z n − a n ) * ], which can be derived by
From (13), it can be seen that the estimating noise are actually correlative between antennas (layers). In the following, we propose two SIC realizations to reduce the residue interferences left from FD-DFE.
HTS-DFE Filter Design
The first realization is based on DF architecture, which can be expressed as
where F is a strictly lower-triangular matrix. Noticing that E[a n u * n ] = 0 n T , we get
Our object is to minimize the MSE
with respect to G and F. By differentiating (16) and setting the result to zero, we get
Hence, the coefficient G satisfies
Taken (18) back to (16), the MSE is then expressed as
Since F is a strictly lower-triangular matrix, minimizing (19) is in fact an optimization problem with constraint. We assume Ξ has the Cholesky decomposition of
where D is a real diagonal matrix, and L is a lower-triangular matrix with all-ones diagonal elements. By applying Lagrange optimization method, it is easily derived that the optimal coefficient F satisfies
Substituting (21) into (18), we obtain
The second realization is based on NP, which can be expressed as
where P is a strictly lower-triangular matrix. The goal is to minimize
with respect to P. Similar to (19), we have
Interestingly, if we take (21), (22) into (14), there is
which means NP-SIC and DF-SIC are in essence the same.
For brief description, we use the symbol z n instead of z
DF−S IC n
and z
NP−S IC n
in the rest of this letter. The MSE of HTS-DFE is
where D ii is the ith diagonal entry of D. In practical systems, the feedback signals a n in (14) or (23) should be substituted by the decisions from the post-equalized signals, which brings the problem of error-propagation. It is worth mentioning that the coefficients G, F and P are actually irrelevant to the time sample n. So, we can compute the coefficients with about O(n 3 T ) multiplications, and perform the SIC processing with about O(n 2 T N s ) multiplications. We notice that FDE-NP provides the same equalized signals as FD-DFE as shown in (10), therefore, FDE-NP can be easily adopted in the first stage without modifications. Since the two stages are independent on each other, HTS-DFE essentially can have four variants, including FD-DFE+DF-SIC, FD-DFE+NP-SIC, FDE-NP+DF-SIC, and FDE-NP+NP-SIC.
Integration of HTS-DFE and DDF Scheme
Error-propagation is an important issue for DF-like detectors. It will cause severe performance deterioration, especially when the constellation size is large. We can effectively mitigate the error-propagation with the help of DDF, whereas, it is necessary to set the restriction that at each antenna the transmitted signals should come from different code words. For example, the information stream is first de-multiplexed into every antenna channel, then the substreams are encoded, interleaved, modulated, and amplified independently. So, when we perform the SIC processing layer-by-layer in the second stage, we can feed much more reliable decisions back to the equalizer by decoding and reencoding the post-equalized signals. As FDE-NP is adopted in the first stage, this constraint also supports the employment of DDF in both stages. It has been pointed out in [4] that FDE-NP-SIC can not utilize DDF to mitigate the errorpropagation. Therefore, benefitting from fully exploiting DDF, HTS-DFE can achieve significant performance improvement over FDE-NP-SIC.
Computer Simulations
Consider a MIMO system with n T = n R = 4 antennas, and the QPSK modulated single-carrier transmission is used throughout the simulations. The channel is five-tap exponentially decaying Rayleigh fading with the root mean square (RMS) of 2. First, we compare the performance of HTS-DFE and FD-DFE in the uncoded system. There are N s = 56 payload symbols and N u = 8 UW symbols. To avoid the disturbance from the error-propagation, we assume the decisions are always correct. It can be seen from Fig.1 that with the equivalent memory B, HTS-DFE outperforms FD-DFE around 2 dB at BER = 10 −5 . This proves that adding SIC block to the original FD-DFE receiver can achieve significant performance improvement. Similar to FD-DFE, HTS-DFE can also increase the performance by rising the memory B, until the memory B is high efficiently. There is around 6 dB SNR gains in the HTS-DFE with memory B = 4 compared to the HTS-DFE with memory B = 0. It is noticeable that the four HTS-DFE variants as well as FDE-NP-SIC have the same BER performance in Fig.1 .
Next, we show the comparisons in the coded system. The impact of error-propagation is considered in this simulation. We use the 1/2 rate convolutional code with polynomials [133, 171] , while adjust N s to 240 and N u to 16. Fig.2 shows HTS-DFE with DDF in the 2nd stage has around 1 dB SNR gains over FD-DFE without DDF at FER = 10 −2 . Moreover, applying the DDF in two stages, HTS-DFE even achieves 5 dB gains over the FD-DFE without DDF, but this can be realized only when FDE-NP is used in the first stage. We involve the performance of FDE-NP-SIC without DDF in Fig.2 . It is seen that if DDF is not used, FDE-NP-SIC has around 1 dB gains compared to FD-DFE. This is due to the SIC processing has been done before slicing in FDE-NP-SIC, consequently, its decisions are more reliable than that of FD-DFE. Since the usage of DDF in the 2nd stage can not reduce the error-propagation produced in the 1st stage, the error-propagation of HTS-DFE with DDF in the 2nd stage is still considerable, which causes the performance is slight worse than that of FDE-NP-SIC in relatively large SNR. However, benefitting from fully exploiting DDF, HTS-DFE with DDF in two stages can outperform FDE-NP-SIC around 3 dB SNR gains at FER = 10 −2 .
Conclusions
We have proposed HTS-DFE for single-carrier MIMO system over frequency-selective channels, where FD-DFE or FDE-NP is implemented in the first stage, and DF-SIC or NP-SIC is employed in the second stage. By reducing the residue interferences left behind FD-DFE/FDE-NP, the proposed HTS-DFE can improve the performance significantly. In addition, HTS-DFE can utilize the DDF scheme to mitigate the effect of error-propagation.
